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1 Introduction
Let us first consider a classical system in an n-dimensional Riemannian space with Hamil-
tonian
H =
n∑
i,k=1
j,k≥0
gik(x)pipk + V (x) ,x ∈ Rn. (1)
The system is called integrable (or Liouville integrable) if it allows n−1 Poisson commuting
integrals of motion (in addition to H)
Xa = fa(x,p) , a = 1, . . . , n− 1,
dXa
dt
= {H,Xa}p = 0 , {Xa, Xb}p = 0. (2)
where {, }p is the Poisson bracket, and pi are the momenta canonically conjugate to the
coordinates xi.
This system is superintegrable if it allows further integrals
Yb = fb(x,p) , b = 1, . . . , k 1 ≤ k ≤ n− 1,
dYb
dt
= {H,Yb}p = 0 . (3)
In addition, the integrals must satisfy the following requirements :
1. The integrals H,Xa, Yb are well defined functions on phase space, i.e. polynomials or
convergent power series on phase space (or an open submanifold of phase space).
2. The integrals H,Xa are in involution, i.e. Poisson commute as indicated in (2). The inte-
grals Yb Poisson commute withH but not necessarily with each other, nor withXa.
3. The entire set of integrals is functionally independent, i.e., the Jacobian matrix satisfies
rank
∂(H,X1, . . . , Xn−1, Y1, . . . , Yk)
∂(x1, . . . , xn, p1, . . . , pn)
= n+ k (4)
In quantum mechanics we define integrability and superintegrability in the same way,
however in this case, H,Xa and Yb are operators. The condition on the integrals of motion
must also be modified e.g. as follows :
1. H,Xa and Yb are well defined Hermitian operators in the enveloping algebra of the
Heisenberg algebra Hn ∼ {x,p, ~} or some generalization thereof.
2. The integrals satisfy the Lie bracket relations
[H,Xa] = [H,Yb] = 0 , [Xi, Xk] = 0 (5)
3. No polynomial in the operators H,Xa, Yb formed entirely using Lie anticommutators
(i.e. Jordan polynomials) should vanish identically.
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The two best known superintegrable systems are the Kepler-Coulomb system with poten-
tial V (r) = α
r
and the isotropic harmonic oscillator V (r) = αr2 [79,31,10,72]. In both
cases the integrals Xa correspond to angular momentum, the additional integrals Ya to the
Laplace-Runge-Lenz vector for V (r) = α
r
and to the quadrapole tensor Tik = pipk +
αxixk, for V (r) = βr
2. No further ones were discovered until a 1940 paper by Jauch and
Hill [49] on the rational anisotropic harmonic oscillator V (x) = α
∑n
i=1 nix
2
i , ni ∈ Z.
A systematic search for superintegrable systems was started in 1965 [32,95,57] and a real
proliferation of them was observed during the last few years [71]. This research program re-
mains very active [43,84,81,74,75,18,86,58,7,17,53,27,56,46,12,45,47]. The search has
also been extended to systems with spin, magnetic fields and monopoles. Many families of
superintegrable systems have been constructed using combinations of approaches such as
the co-algebra [6,9] and the recurrence method [8,71]. Let us just list some of the reasons
why superintegrable systems are interesting both in classical and quantum physics.
1.In classical mechanics, superintegrability restricts trajectories to an n − k dimensional
subspace of phase space [73]. For k = n− 1 (maximal superintegrability), this implies that
all finite trajectories are closed and motion is periodic.
2. Moreover, at least in principle, the trajectories can be calculated without any calculus.
3. Bertrand’s theorem states that the only spherically symmetric potentials V (r) for which
all bounded trajectories are closed are
α
r
and αr2 [11,37], hence no other maximally super-
integrable systems are spherically symmetric.
4. The algebra of integrals of motion {H,Xa, Yb} is a non-Abelian and interesting one.
Usually it is a finitely generated polynomial algebra, only exceptionally a finite dimensional
Lie algebra. In the special case of quadratic superintegrability (all integrals of motion are at
most quadratic polynomials in the moment), integrability is related to separation of variables
in the Hamilton-Jacobi equation.
In quantum mechanics,
1. Superintegrability leads to an additional degeneracy of energy levels, sometimes called
"accidental degeneracy". The term was coined by Fock [31] and used by Moshinsky and
collaborators [72], though the point of their studies was to show that this degeneracy is
certainly no accident. Quadratic integrability is related to separation of variables to the cor-
responding Schrodinger equation. Quadratic superintegrability implies multiseparability of
the Schrodinger equation.
2. A conjecture, born out by all known examples, is that all maximally superintegrable sys-
tems are exactly solvable [89]. If the conjecture is true, then the energy levels can be calcu-
lated algebraically. The wave functions are polynomials (in appropriately chosen variables)
multiplied by some overall gauge factor.
3. The non-Abelian polynomial algebra of integrals of motion has been obtained for vari-
ous models [40,13,55,26,35,53,34,36,27,56,46,12,45,47]. In many cases they correspond
to higher rank polynomial algebras. They provide energy spectra and information on wave
functions via Casimir operators and representation theory. Moreover, it has been demon-
strated how Inonu-Wigner and more generally Bocher contractions of quadratic algebras
play a role [53,27] in connecting all quadratically superintegrable models in conformally flat
spaces. Interesting relations exist between superintegrability and supersymmetry in quantum
mechanics [59] and even more generally other types of operator algebras appear [66].
4. Relation to special function theory: multivariable orthogonal polynomials, new "nonclas-
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sical" orthogonal polynomials, Askey-Wilson classification [93,53] and exceptional orthog-
onal polynomials [38,39,82,62]
The theory of superintegrable systems has also been formulated in the context of Lie the-
ory and generalized symmetries [88]. As a comment, let us mention that superintegrability
has also been called non-Abelian integrability. From this point of view, infinite dimensional
integrable systems (soliton systems) described e.g. by the Korteweg-de-Vries equation, the
nonlinear Schrödinger equation, the Kadomtsev-Petviashvili equation, etc. are actually su-
perintegrable [76,77,78]. Indeed, the generalized symmetries of these equations form in-
finite dimensional non-Abelian algebras (the Orlov-Shulman symmetries) with infinite di-
mensional Abelian subalgebras of commuting flows. There is another connection between
superintegrable systems in quantum mechanics and soliton theory [1] namely the important
role of the Painlevé property and Painlevé transcendents ( of second and higher order) in
both.
The paper is organized as follow. In Section 2, we present the case of second order
superintegrable systems in two-dimensional Euclidean space. In Section 3, we present a
summary of results for integrals of motion of order N in E2. In the Section 4, we review the
case ofN = 4 with exotic potentials and separable in Cartesian coordinates and present the
connection with the Chazy class of equations. We present a summary of the classification of
exotic potentials with fourth order integrals separable in cartesian coordinates in Section 5.
Section 6 is devoted to a discussion of the algebraic derivation of the spectrum using a cubic
algebra. In Section 7 we discuss the connection with supersymmetric quantum mechanics.
2 Second Order Superintegrability
Let us consider the Hamiltonian (1) in the Euclidian space E2 and search for second order
integrals of motion [32,95,71]. We have
H = 12
(
p21 + p
2
2
)
+ V (x1, x2), X =
2∑
j+k=0
{
fjk(x1, x2), p
j
1p
k
2
}
, (6)
where j, k ∈ Z ≥ 0 and {, } is the anti commutator. In the quantum case we have
pj = −i~ ∂
∂xj
, L3 = x1p2 − x2p1. (7)
The commutativity condition [H,X] = 0 implies that the even terms j + k = 0, 2 and odd
terms j+ k = 1 in X commute with H separately. Hence we can, with no loss of generality,
set f10 = f01 = 0. Further we find that the leading (second order) term in X lies in the
enveloping algebra of the Euclidian algebra e(2). Thus we obtain
X = aL23 + b1(L3p1 + p1L3) + b2(L3p2 + p2L3) + c1(p
2
1 − p22) (8)
+2c2p1p2 + φ(x1, x2)
where a, bi, ci are constants. The terms c0(p21 + p
2
2) has been removed by linear combina-
tions with the Hamiltonian.
The function φ(x1, x2) must satisfy the determining equations
φx1 = −2(ax22 + 2b1x2 + c1)Vx1 + 2(ax1x2 + b1x1 − b2x2 − c2)Vx2
φx2 = −2(ax1x2 + b1x1 − b2x2 − c2)Vx1 + 2(−ax21 + 2b2x1 + c1)Vx2 , (9)
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The compatibility condition φx1x2 = φx2x1 implies
(−ax1x2 − b1x1 + b2x2 + c2)(Vx1x1 − Vx2x2)
−(a(x21 + x22) + 2b1x1 + 2b2x2 + 2c1)Vx1x1
−(ax2 + b1)Vx1 + 3(ax1 − b2)Vx2 = 0. (10)
Eq. (10) is exactly the same equation that we would have obtained if we had required that
the potential should allow the separation of variables in the Schrödinger equation in one of
the coordinate system in which the Helmholtz equation allows separation ( V (x1, x2) =
0 in (6) ). Another important observation is that (9) and (10) do not involve the Planck
constant. Indeed, if we consider the classical functions H and X in (6) and require that
they Poisson commute, we arrive at exactly the same conclusions and to equations (9) and
(10). Thus for quadratic integrability (and superintegrability) the potentials and integrals of
motion coincide in classical and quantum mechanics (up to a possible symmetrization of
the integrals). The Hamiltonian (1) is form invariant under Euclidian transformations, so we
can classify the integrals X into equivalence classes under rotations, translations and linear
combinations withH . There are two invariants in the space of parameters a, bi, ci, namely
I1 = a, I2 = (2ac1 − b21 + b22)2 + 4(ac2 − b1b2)2 (11)
Solving (6) for different values of I1 and I2 we obtain :
I1 = I2 = 0 VC = f1(x1) + f2(x2)
I1 = 1, I2 = 0 VR = f(r) +
1
r2
g(φ) x1 = r cosφ, x2 = r sinφ
I1 = 0, I2 = 1 VP =
f(ξ) + g(η)
ξ2 + η2
x1 =
ξ2 − η2
2
, x2 = ξη
I1 = 1, I2 = l
2 6= 0 VE = f(σ) + g(η)
cos2 σ − cosh2 ρ
x1 = l cosh ρ cosσ
x2 = l sinh ρ sinσ
0 < l <∞
(12)
We see that VC , VR, VP and VE correspond to separation of variables in Cartesian, po-
lar, parabolic and elliptic coordinates, respectively and that second order integrability (in
E2) is equivalent to the separation of variables in the Hamilton-Jacobi and the Schrodinger
equation. For second order superintegrability, two integrals of the form (9) exist and the
Hamiltonian separates in at least two coordinate systems. Four three-parameter families of
superintegrable systems exist namely
VI = α(x
2 + y2) +
β
x2
+
γ
y2
, VII = α(x
2 + 4y2) +
β
x2
+ γy
VIII =
α
r
+
1
r2
(
β
cos2 φ2
+
γ
sin2 φ2
), VIV =
α
r
+
1√
r
(β cos
φ
2
+ γ sin
φ
2
) (13)
The classical trajectories, quantum energy levels and wave functions for all of these systems
are known. The potentials VI and VII are isospectral deformations of the isotropic and an
anisotropic harmonic oscillator, respectively, whereas VIII and VIV are isospectral defor-
mations of the Kepler-Coulomb potential. In n-dimensional space En, a set of n commuting
second order integrals corresponds to a separable coordinate system. All of the above results
on quadratic superintegrability have been generalized to arbitrary dimensions, to spaces of
constant curvature and to other real and complex spaces [51,52,70,71].
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3 Summary of results for integrals of motion of order N inE2
In quantum mechanics on two-dimensional Euclidean space E2 the most general N-th order
integral has the form
X =
1
2
[N
2
]∑
l=0
N−2l∑
j=0
{fj,2l, pj1pN−j−2l2 } (14)
where fj,2l are real functions of x,y and we set fj,2l = 0 for j, l < 0 or j > N − 2l. The
brackets {, } denote a symmetrization. In classical mechanics the brackets are inessential.
The determining equations following from the commutativity relation [H,X] = 0 were
obtained in [85] for arbitraryN ≥ 2, both in the classical and quantum cases. The equations
are quite complicated but completely explicit.
A priori the Lie or Poisson commutator [H,X] is a polynomial of order N + 1 in the
components of the momenta pi. The terms of order N + 1 are linear and do not involve
the potential V (x, y). All lower order terms are nonlinear since they involve products of the
unknown potential and the unknown coefficients fj,2l.
An analysis of the highest and second to highest order determining equations provides
several important results.
1. Even and odd parity terms inX commute withH separately, so all terms in (14) have
the same parity ( this is already built into eq. (14)).
2. The leading terms in X are polynomials of order N in the enveloping algebra of the
Euclidean Lie algebra i.e.
X = XL + l.o.t (15)
XL =
1
2
∑
0≤m+n≤N
AN−m−n,m,n{LN−m−n3 , pm1 pn2 }
where the coefficient AN−m−n,m,n are real constants. Indeed the leading terms are ob-
tained for l = 0 in (14) and are polynomials
fj0 =
N−j∑
n=0
j∑
m=0
(
N − n−m
j −m
)
AN−n−m,m,nx
N−j−m(−y)j−m (16)
3) The set of determining equations fj2 does involve the potential and is nonlinear.
However, the equations are in general incompatible. A compatibility condition for arbitrary
N is the linear PDE
N−1∑
j=0
∂
N−1−j
x ∂
j
y(−1)j[(j + 1)fj+1,0∂xV + (N − j)fj0∂yV ] = 0 (17)
This is a linear PDE for V alone, since the coefficients fj0 are already known in terms
of the constants AN−m−n,m,n . Other compatibility condition exist, but they are nonlinear
PDEs for the potential V (x, y) and are less useful than (17).
ForN = 2 the condition (17) reduces to the condition (10) and provides the connection
between second order integrability and the separation of variables.
For N ≥ 3 eq. (17) is also the starting point for all further studies. Right from the
beginning we distinguish two types of integrable potentials:
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(i) Standard potentials. For these the linear compatibility condition LCC (17) is satisfied
nontrivially. For N = 2 all integrable potentials are standard.
(ii) Exotic potentials. These exist for N ≥ 3 and for them the LCC is satisfied trivially
i.e. all coefficients AN−n−m,m,n that figure in the LCC vanish identically. Surprisingly
that does not imply that the integral X vanishes; it does however greatly simplify.
Solving the remaining nonlinear PDEs is still a formidable task for anyN ≥ 3, specially
in quantum mechanics. Instead of attempting this task we turn to a simpler problem, namely
construct superintegrable systems in E2 with two independent integrals of motion X and
Y , where X is of first or second order and Y is of the order N . The integrals X implies that
V (x, y) has one of the form given in (12). The potential in (12) depends on two arbitrary
functions of one variable. Hence the LCC (17) is no longer a PDE but reduces to one or
several ODEs. The most interesting cases occur when the potential has the form VC and VR
of (12) i.e. allows separation in Cartesian [42,41,67,68,60,61,94,65,3,87] or polar coordi-
nates [92,28,29,90,91,83,30]. Let us now turn to the example of exotic potentials allowing
the separation of variables in cartesian coordinates and admitting an additionl independent
integral of order N = 4.
4 Fourth Order Superintegrability and Exotic Potentials
The article [65] is part of a general program the aim of which is to derive, classify, and
solve the equations of motion of superintegrable systems with integrals of motion that are
polynomials of finite order N in the components of linear momentum. The search has been
performed in two-dimensional Euclidean space. The study of Hamiltonians with integrals of
motion of order N = 3 was started in [42] and a classification of Hamiltonians separable in
Cartesian coordinates with an integrals of order N = 3 was performed [41]. The obtained
classical and quantum Hamiltonian systems have been studied in [67,68,60,61,94]. In [65]
the case N = 4 was considered and all exotic potentials have been classified. The connec-
tion with the Painlevé property and Chazy class of equations was also highlighted. Partial
results which consist in classifying all doubly exotic potentials were performed for N = 5
[3]. Results are known for systems with integrals of arbitrary order N [87] and anisotropic
oscillator complemented by Painlevé transcendents [59]. In this review we concentrate on
superintegrable systems with Hamiltonians of the form
H =
1
2
(p21 + p
2
2) + V (x, y), (18)
in two dimensional Euclidean space E2. In classical mechanics, p1 and p2 are the canonical
momenta conjugate to the Cartesian coordinates x and y. In quantum mechanics, we have
pi and Li in eq.(7).
The determining equations for fourth-order classical and quantum integrals of motion
were derived earlier and they are a special case of N th order ones given in [85]. In the
quantum case, the integral is Y (4) = Y :
Y =
∑
j+k+l=4
Ajkl
2
{Lj3, pk1pl2}+
1
2
({g1(x, y), p21} (19)
+{g2(x, y), p1p2}+ {g3(x, y), p22}) + l(x, y),
whereAjkl are real constants, the brackets {., .} denote anti-commutators and the Hermitian
operators p1, p2 and L3 are given in (7). The functions g1(x, y), g2(x, y), g3(x, y), and
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l(x, y) are real and the operator Y is self adjoint. Equation (19) is also valid in classical
mechanics where p1, p2 are the canonical momenta conjugate to x and y, respectively (and
the symmetrization becomes irrelevant). The commutation relation [H,Y ] = 0 with H in
(18) provides the determining equations
g1,x = 4f1Vx + f2Vy, (20a)
g2,x + g1,y = 3f2Vx + 2f3Vy, (20b)
g3,x + g2,y = 2f3Vx + 3f4Vy, (20c)
g3,y = f4Vx + 4f5Vy. (20d)
These 4 equations are linear PDEs and involve 4 unknown functions g1, g2, g3, V . Further-
more we have the following two further equations
ℓx =2g1Vx + g2Vy +
~
2
4
(
(f2 + f4)Vxxy − 4(f1 − f5)Vxyy − (f2 + f4)Vyyy
+ (3f2,y − f5,x)Vxx − (13f1,y + f4,x)Vxy − 4(f2,y − f5,x)Vyy
− 2(6A400x2 + 62A400y2 + 3A301x− 29A310y + 9A220 + 3A202)Vx
+ 2(56A400xy − 13A310x+ 13A301y − 3A211)Vy
)
, (21a)
ℓy =g2Vx + 2g3Vy +
~
2
4
(
− (f2 + f4)Vxxx + 4(f1 − f5)Vxxy + (f2 + f4)Vxyy
+ 4(f1,y − f4,x)Vxx − (f2,y + 13f5,x)Vxy − (f1,y − 3f4,x)Vyy
+ 2(56A400xy − 13A310x+ 13A301y − 3A211)Vx
− 2(62A400x2 + 6A400y2 + 29A301x− 3A310y + 9A202 + 3A220)Vy
)
. (21b)
The quantities fi, i = 1, 2, .., 5 are polynomials in x and y. They are obtained from the
highest order terms in the condition [H,Y ] = 0.
These 2 nonlinear PDEs for l, g1, g2, g3, V will give nonlinear compatibility condition. Ex-
plicitly for these polynomials we have
f1 = A400y
4 −A310y3 +A220y2 −A130y +A040
f2 = −4A400xy3 −A301y3 + 3A310xy2 +A211y2 − 2A220xy −A121y
+A130x+A031
f3 = 6A400x
2
y
2 + 3A301xy
2 − 3A310x2y +A202y2 − 2A211xy +A220x2
−A112y ++A121x+A022
f4 = −4A400yx3 +A310x3 − 3A301x2y +A211x2 − 2A202xy +A112x
−A103y +A013
f5 = A400x
4 + A301x
3 +A202x
2 +A103x+A004.
(22)
with 15 constants Ajkl. For a known potential the determining equations (20) and (21)
form a set of 6 linear PDEs for the functions g1, g2, g3, and l. If V is not known, we have
a system of 6 nonlinear PDEs for gi, l and V . In any case the four equations (20) are a
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priori incompatible. The compatibility equation is a fourth-order linear PDE for the potential
V (x, y) alone, namely
∂yyy(4f1Vx + f2Vy)− ∂xyy(3f2Vx + 2f3Vy) + ∂xxy(2f3Vx + 3f4Vy) (23)
−∂xxx(f4Vx + 4f5Vy) = 0.
This is a special case of the N th order linear compatibility equation (17). We see that the
equation (23) does not contain the Planck constant and is hence the same in quantum and
classical mechanics (this is true for any N ). The difference between classical and quantum
mechanics manifests itself in the two equations (21). They greatly simplify in the classical
limit ~ → 0. Further compatibility conditions on the potential V (x, y) can be derived for
the systems (20) and (21), they will however be nonlinear. We will not go further into the
problem of the fourth order integrability of the Hamiltonian (18). Instead, we turn to the
problem of superintegrability formulated in the Introduction.
4.1 Potentials separable in Cartesian coordinates
We shall now assume that the potential in the Hamiltonian (18) has the form
V (x, y) = V1(x) + V2(y). (24)
This is equivalent to saying that a second order integral exists which can be taken in the
form
X =
1
2
(p21 − p22) + V1(x)− V2(y). (25)
Equivalently, we have two one dimensional Hamiltonians
H1 =
p21
2
+ V1(x), H2 =
p22
2
+ V2(y). (26)
We are looking for a third integral of the form (19) satisfying the determining equations
(20) and (21). This means that we wish to find all potentials of the form (24) that satisfy the
linear compatibility condition (23). Once (24) is substituted, (23) is no longer a PDE and
will split into a set of ODEs which we will solve for V1(x) and V2(y).
The task thus is to determine and classify all potentials of the considered form that allow the
existence of at least one fourth order integral of motion. As in every classification we must
avoid triviality and redundancy. SinceH1 andH2 of (26) are integrals, we immediately ob-
tain 3 "trivial" fourth order integrals, namelyH21 , H
2
2 , andH1H2. The fourth order integral
Y of equation (19) can be simplified by taking linear combination with polynomials in the
second order integrals H1 andH2 of (26):
Y → Y ′ = Y + a1H21 + a2H22 + a3H1H2 + b1H1 + b2H2 + b0, ai, bi ∈ R. (27)
Using the constants a1, a2 and a3 we set
A004 = A040 = A022 = 0, (28)
in the integral Y we are searching for. At a later stage we will use the constants b0 , b1 and
b2 to eliminate certain terms in g1, g2, g3 and l.
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Substituting (24) into the compatibility condition (23), we obtain a linear condition,
relating the functions V1(x) and V2(y)
(−60A310 + 240yA400)V ′1(x) + (−20A211 + 60yA301 − 60xA310 + 240xyA400)V ′′1 (x)
+ (−5A112 + 10yA202 − 10xA211 + 30xyA301 − 15x2A310 + 60x2yA400)V (3)1 (x)
+ (−A013 + yA103 − xA112 + 2xyA202 − x2A211 + 3x2yA301 − x3A310 + 4x3yA400)V (4)1 (x)
+ (−60A301 − 2140xA400)V ′2(y) + (20A211 − 60yA301 + 60xA310 − 240xyA400)V ′′2 (y)+
(−5A121 ++10yA211 − 10xA220 − 15y2A301 + 30xyA310 − 60xy2A400)V (3)2 (y)+
(A031 − yA121 + xA130 + y2A211 − 2xyA220 − y3A301 + 3xy2A310
− 4xy3A400)V (4)2 (y) = 0.
(29)
It should be stressed that this is no longer a PDE, since the unknown functions V1(x)
and V2(y) both depend on one variable only.
We differentiate (29) twice with respect to x and thus eliminate V2(y) from the equation.
The resulting equation for V1(x) splits into two linear ODEs (since the coefficients contain
terms proportional to y0, and y1), namely
210A310V
(3)
1 (x) + 42(A211 + 3A310x)V
(4)
1 (x) + 7(A112 + 2A211x
+ 3A310x
2)V
(5)
1 (x) + (A013 +A112x+A211x
2 +A310x
3)V
(6)
1 (x) = 0,
(30a)
840A400V
(3)
1 (x) + (126A301 + 504A400x)V
(4)
1 (x) + 14(A202 + 3A301x
+ 6A400x
2)V
(5)
1 (x) + (A103 + 2A202x+ 3A301x
2 + 4A400x
3)V
(6)
1 (x) = 0. (30b)
Similarly, differentiating (29) with respect to y we obtain two linear ODEs for V2(y),
210A301V
(3)
2 (y)− 42(A211 − 3A301y)V (4)2 (y) + 7(A121 − 2A211y
+ 3A301y
2)V
(5)
2 (y)− (A031 −A121y +A211y2 −A301y3)V (6)2 (y) = 0,
(31a)
840A400V
(3)
2 (y)− (126A310 − 504A400y)V (4)2 (y) + 14(A220 − 3A310y
+ 6A400y
2)V
(5)
2 (y)− (A130 − 2A220y + 3A310y2 − 4A400y3)V (6)2 (y) = 0. (31b)
The compatibility condition ℓxy = ℓyx, for (21a) and (21b) implies
− g2V ′′1 (x) + g2V ′′2 (y) + (2g1y − g2x)V ′1(x) + (g2y − 2g3x)V ′2(y)+
~
2
4
(
(f2 + f4)(V
(4)
1 − V (4)2 ) + (f2x − 4f ′1(y))V (3)1 + (4f ′5(x)− 5f2y − f4y)V (3)2
+ (3f2yy + 4f4xx + 6A211 − 26A301y + 26A310x− 112A400xy)V ′′1
− (4f2yy + 3f4xx + 6A211 − 26A301y + 26A310x− 112A400xy)V ′′2
+ (84A310 − 360A400y)V ′1 + (84A310 + 360A400y)V ′2
)
= 0. (32)
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This equation, contrary to (30) and (31), is nonlinear since it still involves the unknown
functions g1, g2, and g3, (in addition to V1(x) and V2(y)).
4.2 ODEs with the Painlevé property
In order to study exotic potentials V (x, y) = V1(x)+V2(y), allowing fourth order integrals
of motion in quantum mechanics we must first recall some known results on Painlevé type
equations [80,33,48]. Painlevé and Gambier showed that 50 classes of second order ODE
exist that are single valued about their singular points. Six of them are "‘irreducible", i.e.
cannot be solved in terms of linear ODEs or elliptic functions, namely:
P
′′
1 (z) = 6P
2
1 (z) + z ,
P
′′
2 (z) = 2P2(z)
3 + zP2(z) + α ,
P3(z)
′′ =
P ′3(z)
2
P3(z)
− P
′
3(z)
z
+
αP 23 (z) + β
z
+ γP 33 (z) +
δ
P3(z)
,
P4(z)
′′ =
P
′2
4 (z)
2P4(z)
+
3
2
P
3
4 (z) + 4zP
2
4 (z) + 2(z
2 − α)P4(z) + β
P4(z)
,
P
′′
5 (z) = (
1
2P5(z)
+
1
P5(z)− 1)P
′
5(z)
2 − 1
z
P
′
5(z) +
(P5(z)− 1)2
z2
(
αP 25 (z) + β
P5(z)
)
+
γP5(z)
z
+
δP5(z)(P5(z) + 1)
P5(z)− 1
P
′′
6 (z) =
1
2
(
1
P6(z)
+
1
P6(z)− 1 +
1
P6(z)− z )P
′
6(z)
2 − (1
z
+
1
z − 1 +
1
P6(z)− z )P
′
6(z)
+
P6(z)(P6(z)− 1)(P6(z)− z)
z2(z − 1)2 (γ1 +
γ2z
P6(z)2
+
γ3(z − 1)
(P6(z)− 1)2 +
γ4z(z − 1)
(P6(z)− z)2 )
(33)
An ODE has the Painlevé property if its general solution has no movable branch points,
(i.e. branch points whose location depends on one or more constants of integration). For
a review and further developments see [54,44,20,21]. Passing the test [2] is a necessary
condition for having the Painlevé property. We shall need it only for equations of the form
W
(n) = F (y,W,W ′,W ′′, ...,W (n−1)), (34)
where F is polynomial inW,W ′,W ′′, ...,W (n−1) and rational in y.
The general solution must have the form of a Laurent series with a finite number of neg-
ative power terms
W = Σ∞k=0dk(y − y0)k+p, d0 6= 0, (35)
satisfying the requirements
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1. The constant p is a negative integer.
2. The coefficients dk satisfy a recursion relation of the form
P (k)dk = φk(y0, d0, d1, ..., dk−1),
where P (k) is a polynomial that has n − 1 distinct nonnegative integer zeros. The
values of kj for which we have P (kj) = 0 are called resonances and the values of dk
for k = kj are free parameters. Together with the position y0 of the singularity we thus
have n free parameters in the general solution (35) of the n-th order ODE (34) .
3. A compatibility condition, also called the resonance condition:
φk(y0, d0, d1, ..., dk−1) = 0,
must be satisfied identically in y0 and in the values of dkj for all kj ; j = 1, 2, ..., n− 1.
This test is a generalization of the Frobenius method used to study fixed singularities of
linear ODEs . Passing the Painlevé test is a necessary condition only. To make it sufficient
one would have to prove that the series (35) has a nonzero radius of convergence and that
the n free parameters can be used to satisfy arbitrary initial conditions. A more practical
procedure that we shall adopt is the following. Once a nonlinear ODE passes the Painlevé
test one can try to integrate it explicitly.
Let us first investigate the cases that may lead to "exotic potentials", that is potentials which
do not satisfy any linear differential equations. That means that either (30) or (31) (or both)
must be satisfied trivially. The linear ODEs (30) are satisfied identically if we have
A400 = A310 = A301 = A211 = A202 = A112 = A103 = A013 = 0. (36)
The linear ODEs (31) are satisfied identically if we have
A400 = A310 = A301 = A211 = A220 = A121 = A130 = A031 = 0. (37)
If (36) and (37) both hold then the only fourth order integrals are the trivial onesH21 , H
2
2
and H1H2. Their existence does not imply superintegrability, it is simply a consequence of
second order integrability. In other words, no fourth order superintegrable systems, satisfy-
ing (36) and (37) simultaneously, exist. This means that at most one of the functions V1(x)
or V2(y) can be "exotic". The other one will be a solution of a linear ODE. For third order
integrals both V1(x) and V2(y) can be exotic.
Let us consider the case when, (37) is valid and (36) not. The leading-order term for the
nontrivial fourth order integral has the form
YL = A202{L23, p22}+A112{L3, p1p22}+ A103{L3, p32}+ 2A013p1p32. (38)
We proceed in several steps. (i)Let us classify the integrals (38) under translations (they
leave the form of the potential (24)) invariant). The three classes are:
I.A202 6= 0, A112 = A103 = 0.
II.A202 = 0, A
2
112 +A
2
103 6= 0, A013 = 0,
IIa.A103 6= 0,
IIb.A103 = 0, A112 6= 0.
III.A202 = A112 = A103 = 0, A013 6= 0.
(39)
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(ii) Let us solve the linear ODE for V (x)
The functions fi in (22) reduce to
f1 = f2 = 0,
f3(y) = A202y
2 −A112y,
f4(x, y) = −2A202xy +A112x−A103y +A013,
f5(x) = A202x
2 +A103x. (40)
we obtain two equations for V1(x) namely
5A112V
(3)
1 (x) + (A013 +A112x)V
(4)
1 (x) = 0, (41a)
10A202V
(3)
1 (x) + (A103 + 2A202x)V
(4)
1 (x) = 0. (41b)
(They replace equations (30)). These two equations imply V (3)1 = V
(4)
1 = 0 unless we have
A112A103 − 2A202A013 = 0. (42)
The result is that V1(x) can have one of the following forms: V1(x) = 0, ax, ax2, ax2 +
bx+ cx2 (where bc = 0)
(iii) Let us solve the nonlinear ODEs for V2(y) . We first introduce an auxiliary function:
W (y) =
∫
V2(y)dy,
W˜ ⇔ W + αy + β
Case I. A202 6= 0, A112 = 0;YL = A202{L23, p22}.
Let A202 = 1.We obtain
1
2
~
2
yW
(4) + 2~2W (3) − 6yW ′W ′′ − 2WW ′′ + 8
3
c2y
3
W
′′ − 8W ′2 + 16c2y2W ′
+ 16c2yW − 16
3
c
2
2y
4 + k1 = 0, (43)
integrating once we get
~
2
y
2
W
(3) + 2~2yW ′′ − 6y2W ′2 − 4yWW ′ + (16
3
c2y
4 − 2~2)W ′ + 2W 2 + 32
3
c2y
3
W
− 16
9
c
2
2y
6 + k1y
2 + k2 = 0.
(44)
The equation (44) passes the Painlevé test. Substituting the Laurent series (35) into (44), we
find p = −1. The resonances are r = 1, and r = 6, and we obtain d0 = −~2. The con-
stants d1 and d6 are arbitrary, as they should be. We now proceed to integrate (44). Using
the results of Chazy, Bureau, Cosgrove and Scoufis [19,14,15,25,22,23,24]
By the following transformation
Y = y2, U(Y ) = − y
2~2
W (y) +
c2
6~2
y
4 +
1
16
,
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we transform (44) to
Y
2
U
(3) = −2(U ′(3Y U ′ − 2U)− c2
~2
Y (Y U ′ − U) + k3Y + k4)− Y U ′′, (45)
where k3 = −2k1−12c2~
2
64~4 , k4 =
−k2
32~4 . The equation (45) is a special case of the Chazy
class I equation It admits the first integral
Y
2
U
′′2 = −4(U ′2(Y U ′ − U)− c2
2~2
(Y U ′ − U)2 + k3(Y U ′ − U) + k4U ′ + k5),
(46)
where k5 is the integration constant. The equation of the canonical form SD-I.b.
When c2 and k3 are both nonzero the solution is
U =
1
4
(
1
P5
(
Y P ′5
P5 − 1 − P5)
2 − (1−
√
2α)2(P5 − 1)− 2βP5 − 1
P5
+ γY
P5 + 1
P5 − 1 + 2δ
Y 2P5
(P5 − 1)2 ),
U
′ =− Y
4P5(P5 − 1)(P
′
5 −
√
2α
P5(P5 − 1)
Y
)2 − β
2Y
P5 − 1
P5
− 1
2
δY
P5
P5 − 1 −
1
4
γ,
(47)
where P5 = P5(Y );Y = y2, satisfies the fifth Painlevé equation
P
′′
5 = (
1
2P5
+
1
P5 − 1)P
′2
5 − 1
Y
P
′
5 +
(P5 − 1)2
Y 2
(αP5 +
β
P5
) + γ
P5
Y
+ δ
P5(P5 + 1)
P5 − 1 ,
with
c2 = −~2δ, k3 = −1
4
(
1
4
γ
2 + 2βδ − δ(1−
√
2α)2), k4 = −1
4
(βγ +
1
2
γ(1−
√
2α)2),
k5 = − 1
32
(γ2((1−
√
2α)2 − 2β)− δ((1−
√
2α)2 + 2β)2).
The solution for the potential up to a constant is
V (x, y) =
c−2
x2
− δ~2(x2 + y2) + ~2( γ
P5 − 1 +
1
y2
(P5 − 1)(
√
2α+ α(2P5 − 1) + β
P5
)
+ y2(
P ′25
2P5
+ δP5)
(2P5 − 1)
(P5 − 1)2 −
P ′5
P5 − 1 − 2
√
2αP ′5
)
+
3~2
8y2
.
(48)
The list of exotic superintegrable quantum potentials in quantum case that admit one
second order Cartesian and one fourth order integral is given below. We also give their
fourth order integrals by listing the leading terms YL and the functions gi(x, y); i = 1, 2, 3;
and l(x, y). Each of the exotic potentials has a non-exotic part that comes from V1(x). By
construction V2(y) is exotic, however in 4 cases a non-exotic part proportional to y2 splits
off from V2(y) and can be combined with an x2 term in V1(x). We order the final list below
in such a manner that the first two potentials are isotropic harmonic oscillators (possibly
with an additional
1
x2
term) with an added exotic part. The next two are 2 : 1 anisotropic
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harmonic oscillators, plus an exotic part (in y).
Based on previous experience, we expect these harmonic terms to determine the bound state
spectrum. The remaining 8 cases have either
a
x2
or c1x as their non-exotic terms and we
expect the energy spectrum to be continuous.
These results also highlight how the study of higher order Painlevé equations plays a role in
the classification of superintegrable systems with higher order integrals of motion. Classes
of such equations of third, fourth and fifth order have been studied by Chazy, Bureau, Cos-
grove and Scoufis [19,14,15,25,22,23,24].
5 Summary of the classification of exotic potentials with fourth order integrals
separable in cartesian coordinates
In this section we give a list of some of these exotic potentials and their fourth order inte-
grals. There are 12 cases that are divided into three types. We present one case among each
of them.
I. Isotropic harmonic oscillator: Q11 : (YL = {L23, p22})
V (x, y) =− δ~2(x2 + y2) + a
x2
+ ~2
( γ
P5 − 1 +
1
y2
(P5 − 1)(
√
2α+ α(2P5 − 1) + β
P5
)
(49)
+ y2(
P ′25
2P5
+ δP5)
(2P5 − 1)
(P5 − 1)2 −
P ′5
P5 − 1 − 2
√
2αP ′5
)
+
3~2
8y2
.
g1(x, y) =2y(yW
′ +W +
1
3
~
2
δy
3),
g2(x, y) =− 2x(3yW ′ +W + 4
3
~
2
δy
3)
l(x, y) =~2x2(
1
4
yW
(4) +W (3))− x2(3yW ′ +W )W ′′ − ~2y(4
3
δx
2
y
2 +
3
2
)W ′′
+ (4(
a
x2
− ~2δx2)y2 − 3~2)W ′ + 4y( a
x2
− ~2δx2)W + 4a
3x2
~
2
δy
4 − 2~2δx2(2
3
~
2
δy
4 − ~2)− 2~4δy2.
W (y) =
−~2
2y
(
1
P5
(
Y P ′5
P5 − 1 − P5
)2
− (1−
√
2α)2(P5 − 1)− 2βP5 − 1
P5
+ γY
P5 + 1
P5 − 1 +
2δY 2P5
(P5 − 1)2
)
+
~
2
8y
− δ~
2
3
y
3
,
where P5 = P5(Y ); Y = y2.
II. Anisotropic harmonic oscillator:
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Q12 : (YL = {L3, p1p22})
V (x, y) =c2(x
2 + 4y2) +
a
x2
− 4 4
√
2c32~
2yP4 +
√
2c2~(ǫP
′
4 + P
2
4 ) (50)
g1(x, y) =− 2yW ′ −W + 4
3
c2y
3
, g2(x, y) = 3xW
′ − 4c2xy2, g3(x, y) = 2c2x2y − 2a y
x2
,
l(x, y) =− 1
8
~
2
x
2
W
(4) +
3
2
x
2
W
′
W
′′ − (2c2x2y2 − 3
4
~
2)W ′′ − 2(2a y
x2
+ 2c2x
2
y)W ′ − 2( a
x2
+ c2x
2)W
+
8
3
c2y
3(c2x
2 +
a
x2
)− 2c2~2y.
W (y) =
4
√
8c2~6
( 1
8P4
P
′2
4 − 1
8
P
3
4 − 1
2
Y P
2
4 − 1
2
(Y 2 − α+ ǫ)P4 + 1
3
(α− ǫ)Y + β
4P4
)
+
4c2
3
y
3
,
where P4 = P4(Y );Y = − 4
√
8c2
~2
y.
III. Potentials with no confining (harmonic oscillator) term: 8 cases occur involving P1, P2, P3
or elliptic functions.
For confining potentials the potentials involve P4 and P5. (P6 appears in the case of sepa-
ration in polar coordinates.)
Q13 : (YL = {L23, p22})
V (x, y) =
a
x2
+
~
2
2
(
√
αP
′
3 +
3
4
α(P3)
2 +
δ
4P 23
+
βP3
2y
+
γ
2yP3
− P
′
3
2yP3
+
P ′23
4P 23
).
(51)
g1(x, y) =2y
2
W
′ + 2yW, g2(x, y) = −6xyW ′ − 2xW, g3(x, y) = 4x2W ′ + 2ay
2
x2
,
l(x, y) =~2x2(
1
4
yW
(4) +W (3))− x2(3yW ′ +W )W ′′ − 3
2
~
2
yW
′′ + (4
a
x2
y
2 − 3~2)W ′ + 4 a
x2
yW.
W (y) =− ~
2
2y
(1
4
(y
P ′3
P3
− 1)2 − 1
16
αy
2
P
2
3 − 18(β + 2
√
α)yP3 +
γ
8P3
y +
δ
16P 23
y
2)+ ~2
8y
The potentials Q21, Q
6
3 and Q
7
3 are in the list of quantum potentials obtained by Gravel
[41] respectively Q18, Q19, Q21. Among the integrals of motion we have {L23, p22} and
{L3, p32}. These can not be obtained by commuting a third and a second order integral.
Let us mention that the classical limit ~ → 0 can not be taken in the expressions for the
potentias like (49), (50) and (51). The limit is singular and must be taken in the original
determining equations. In particular for N = 4 in equations (21) (the other determining
equations (20) and their linear compatibility equation (23) do not contain ~). In the poten-
tialQ11, the isotropic harmonic oscillator term appears with the coefficient −δ~2. In Q12 the
coefficient of the anisotropic harmonic oscillator is c2. We do not attach any importance to
this fact since both c2 and δ are arbitrary real constants ( ~2 could be absorbed into δ ).
Moreover, as stated above the limit ~→ 0 is not allowed in these formulas.
For a complete list of exotic potentials of the form V (x, y) = V1(x)+V2(y)with fourth
order integrals we refer to the original article [65].
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The results can be summed up as follows:
(i) For N = 4 one of the two Va( a=1,2) must be standard, i.e. satisfy a linear ODE.
We choose V2(y) to be exotic
(ii) The exotic part satisfies a nonlinear ODE that not only passes the Painlevé test but
actually has the Painlevé property. Moreover V2(y) can always be expressed in terms of
either elliptic functions or one of the original Painlevé-Gambier transcendents P1,...,P5.
The sixth transcendent does not occur. However the sixth Painlevé transcendent P6 plays a
crucial role when the potential allows separation in polar coordinates instead of Cartesian
ones [27,28,29].
(iii) The exotic potentials may have a nonexotic part that makes them confining. For
N = 4 this occurs in one of 3 versions
V (x, y) = a(x2 + y2) +
b
x2
+
c
y2
+ VE(y)
V (x, y) = a(x2 + 4y2) + VE(y)
V (x, y) = a(x2 + y2) + VE(y)
where VE is expressed in terms of P4 or P5. The nonexotic parts in other cases are
nonconfining like
V =
a
x
+ VE(y), V = ax+ VE(y)
with VE(y) expressed in terms of P1, P2, P3 or an elliptic function. We expect the
confining potentials to correspond to a bound spectrum in quantum mechanics.
6 Example of Schrödinger equation with Painlevé potential
Let us consider the exemple of an exotic potential expressed in terms of P4
The Hamiltonian and two integrals of motion in this case are [60,61]
H =
1
2
[
p
2
1 + p
2
2 + ω
2(x2 + y2)
]
+ VE(x)
A = p21 − p22 + ω2(x2 − y2) + VE(x)
B =
1
2
{
L3, p
2
1
}
+
1
2
{ω2
2
x
2
y − 3xy − 3yV ′E), p1
}−
1
ω2
{~2
4
V
′′′
E + (−ω2x2 − 3VE)(ωx+ V ′E), p1
}
(52)
with
VE = ǫ
~ω
2
P
′
4(
√
ω
~
x) +
ω~
2
P
2
4 (
√
ω
~
x)
+ω
√
~ωxP4(
√
ω
~
x) +
~ω
3
(−α+ ǫ), ǫ = ±1
P4 = P4(
√
ω
~
x, α, β) (53)
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The integrals of motion form a polynomial (cubic) algebra, satisfying
[A,B] = C [A,C] = 16ω2~2B
[B,C] = −2~2A3 − 6~2HA2 + 8~2H3
+
ω2~4
3
(4α2 − 20− 6β − 8ǫα)A− 8ω2~4H
+
~
5ω3
27
(−8α3 − 24α− 36αβ + 24ǫα2 + 8ǫ+ 36ǫβ) (54)
K = −16~2H4 + 4~
4ω2
3
(4α2 − 8α+ 4− αβ)H2
−4~
5ω3
27
(8α3 − 24ǫα2 + 24α+ 36αβ − 8ǫ− 36ǫβ)H
−4~
6ω4
3
(4α− 8ǫα− 8− 6β) . (55)
The algebra has a Casimir operator that is a 4th order polynomial in the Hamiltonian H
(with constant coefficients). The representation theory of the algebra (54) and its realization
in terms of a deformed oscillator algebra is used to calculate the energy spectrum and wave
functions of the system. A connection with "higher order supersymmetry" also gives the
wave functions. One obtains 3 series of states with energies
E1 = ~ω
(
p+
ǫ+ 3
3
− α
3
)
E2 = ~ω
(
p+
−ǫ+ 6
6
+
α
6
+
√
−β
8
)
, β < 0
E3 = ~ω
(
p+
−ǫ+ 6
6
+
α
6
−
√
−β
8
)
, (56)
and 3 "zero modes", all in terms of the Painlevé transcendent PIV .
It has been demonstrated that this construction may not provide the appropriate number
of degeneracies via algebraic approaches and these case are associated with parameters of
the fourth Painlevé transcendents related to exceptional orthogonal polynomials. The con-
nection has been established via generalized Hermite and Okamoto polynomials [63]. Con-
structions involving other integrals and their higher order polynomial algebras have been
presented elsewhere [64]. It has been shown how more complicated patterns of finite dimen-
sional unitary representations can provide the degeneracies in these cases [64].
7 SUSYQM construction and wavefunctions
The wave functions can be calculated using another approach that is also in essence alge-
braic. Supersymmetric quantum mechanics has been studied using many approaches and
the intertwining of differential operators can be traced back to Darboux and Moutard [50].
Second order supersymmetric quantum mechanics has been introduced in [5] and has been
exploited to generate ladder operators of third order [4,16,69,61,59]
Let us present a construction using first and second order supersymmetry given by the
following intertwining relation
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H1q
† = q†(H2 + 2λ), H1M
† = M†H2 (57)
These relations correspond to a third order ladder operator
H1a
† = a†(H1 + 2λ) , (58)
where a† and a are third order operators.
a
† = q†M,a = M†q (59)
similarly
H2a
† = a†(H2 + 2λ) , (60)
where a† and a are third order operators.
a
† = Mq†, a = qM† . (61)
The explicit form is the following
Hi =
P 2x
2
+ Vi(x) ,
q
† =
√
~
2
∂ +W3(x) ,
q = −
√
~
2
∂ +W3(x) ,
M
† = (
√
~
2
∂ +W1(x))(
√
~
2
∂ +W2(x)) ,
M = (−
√
~
2
∂ +W2(x))(−
√
~
2
∂ +W1(x)) (62)
The potentials V1 and V2 correspond up to an additive constant the one given by (53) with
ǫ = 1 and ǫ = −1. Moreover, the functionsW1,W2 andW3 that appear in the intertwining
operators ( or supercharges ) are also expressed in terms of the fourth Painlevé transcendent
W1,2 =
√
ω
8
P4(
√
ω
~
x)±
√
~
2
P
′
4(
√
ω
~
x)− 2
√−β
ω
,
W3 =
√
ω
2
P4(
√
ω
~
x)− ω
2~
x .
(63)
The spectrum is obtained for cases when normalizable zero modes of the annihilation oper-
ator exist
aψ
(0)
k = 0.
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The energy of the zero modes are for ǫ = 1 associated with the three solutions of the cubic
algebra
ψ
0
a(x) = e
∫
√
2
~
x
√
2
~
W3(x
′)dx′
,
ψ
0
b (x) = (
√
2
~
W2(x)−
√
2
~
W3(x))e
−
∫
√
2
~
x
√
2
~
W2(x
′)dx′
,
ψ
0
c (x) = (
4
√−β
ω
+ (
√
2
~
W2(x)−
√
2
~
W3(x))
(
√
2
~
W1(x) +
√
2
~
W2(x)))e
−
∫
√
2
~
x
√
2
~
W1(x
′)dx′
. (64)
with the corresponding zero modes for ǫ = −1
ψ
0
a(x) = (
ω
~
(α− 1)− 2
√−β
ω
+ (
√
2
~
W1(x) +
√
2
~
W2(x)),
(
√
2
~
W1(x)−
√
2
~
W3(x)))e
∫
√
2
~
x
√
2
~
W3(x
′)dx′
,
ψ
0
b (x) = e
−
∫
√
2
~
x
√
2
~
W2(x
′)dx′
,
ψ
0
c (x) = (
√
2
~
W1(x) +
√
2
~
W2(x))e
−
∫
√
2
~
x
√
2
~
W1(x
′)dx′
(65)
In both cases ǫ = 1 and ǫ = −1 the complete spectrum is recovered by acting with the
raising operators. In addition the raising ladder operators also admit zero modes. However
due to conflicting asymptotics we can have in total three, two or one infinite sequence of
levels. When a potential allows only one infinite sequence of energies, this potential may
also possess a singlet state or doublet states
a
+
ψ(x) = a−ψ(x) = 0, (a+)2ψ(x) = a−ψ(x) = 0 (66)
8 Conclusion
This review is devoted to superintegrable quantum systems with Hamiltonians of the form
(6) with a potential satisfying (24). They allow 2 integrals of motion {X,Y } with X (of
order 2) as in (25) and Y (of order N ) as in (14) and (15) ( for N = 4 see eq.(19) for N
arbitrary see ref.[85]). So far the cases N = 3, 4 and 5 have been investigated in detail [66,
42,41,65,3]. Some conclusions for general N can already be drawn. The general situation
can be summed up as follows.
Higher Order Quantum Superintegrability: a new "Painlevé conjecture" 21
1. The commutator [H,Y] is a priori a linear differential operator of order N + 1. The
coefficients of all powers must vanish simultaneously. From terms of orderN+1 we deduce
that the terms of order N in Y are contained in the enveloping algebra of the Euclidean Lie
algebra e(2). Moreover, all terms in Y have the same parity (after an appropriate symmetri-
sation), [85].
2. Terms of orderN −1 in the commutator provide nonlinear determining equations for
the potential V (x, y) = V1(x) + V2(y). However, for any N > 2 a linear compatibility
condition must be satisfied. It amounts to linear ODEs for V1(x) and V2(y). These may be
satisfied trivially (all coefficients equal to zero). Then we obtain "exotic potentials". If the
linear compatibility condition is satisfied nontrivially, we obtain "standard potentials". So
far, for N < 7 all standard potentials are expressed in terms of elementary functions and all
exotic ones pass the Painlevé test [2]. We conjecture that this is true for all N .
3. For a different approach to superintegrable systems in E2 where such systems sep-
arating in Cartesian coordinates are obtained from operator algebras in one dimension we
refer to [66].
4. For recent results on superintegrable systems in E2 separable in polar coordinates we
refer to the original articles [28,29,30].
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